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Abstract 

We construct boundary state and crosscap state in D = 4, N = 1 type-IIB Z^ ori- 
entifold and investigate properties of amplitude. We find that the boundary state of a 
cylinder is different from the boundary state of a Mobius strip. Using these states, we find 
that amplitudes do not factorize in Zn{N =even) orientifold. Tadpole divergence remain 
in Zi, Z$, Z' 8 and Z' 12 model due to volume dependence of boundary and crosscap state. 
On the other hand the amplitude of Z% and Z-? orientifolds factorize so that we obtain 
the gauge groups of the model by employing the massless tadpole cancellation condition. 
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1 Introduction 



The boundary state formalism was introduced to interprete open string amplitudes in terms of 
closed string states. This could be valuable in understanding the relationship between closed 
and open strings which is one of the central problems in uncovering the underlying symmetry 
of string theory. It serves very useful in analyzing the spectrum of models that do not have 
an obvious geometrical interpretation such as orbifold with discrete torsion Recently, 
boundary state formalism in conformal field theory is explored |§ j|] |H . The boundary state 
formalism is a powerful framework for studying D-branes @|0], and useful for computing 
D-brane tensions and cylinder amplitudes as well as in looking for the gravity counterparts 
of D-branes. The structure of D = 4, N = 1, type-IIB orientifold is explored, and conditions 
for tadpole cancellation in type-IIB Zn orientifold have been presented ||. However, in spite 
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of importance to understand the relationship between closed and open string, the relation is 
not investigated in D = 4, N = 1, type-IIB orientifold. 

In this paper, we derive crosscap states and boundary states for D-branes at a fixed 
point in D = 4, N = 1, type-IIB Zn orientifold theory. We find that a boundary state in 
Mobius strip is different from that in cylinder in general. And we investigate the structure of 
factorization in Z^ orbifolds. Even though amplitude factorizes in D = 10 models in general, 
amplitude does not factorize in general in D = 4,Z^(N =even) models. In section 3 we 
consider momentum and winding modes of boundary states and crosscap states. The tadpole 
divergence remains in Z4,Zg,Z% and Z' 12 model. Using tadpole cancellation condition, we 
derive gauge groups in Z3, Zj models. 

2 Construction of crosscap and boundary states 

At first, we construct a crosscap state |C) in D = 4, N = 1, type-IIB Zn orientifold model. 
We summarize in Table 1 the Zjq action that leads to N = 1 supersymmetry . 
The mode expansion of a closed string state reads 

X< x {a l ,a 2 ) =x» + l 2 p tl a 1 + % -l J2(-<e- 2i7rn(a2 ~ a ^ + -a^e- 2im ^ +a ^). (2.1) 
We introduce the complex coordinate, 

yi = X 2i+2 + iX 2i+3^ yi = x 2i+2 _ ^+3^ ^ = ^ ^ 3^ 

The Zn orientifold model has fc-twisted sectors of the closed string. The boundary condition 
for the Klein bottle is 

Y\a l + l : a 2 )=e 2i ^Y i {a l ,a 2 ) (z = 1,2,3), (2.3) 

with a fundamental domain < o\ < 1 and < a 2 < 1 in Figure 1. By using another 
fundamental domain < <J\ < \ and < a 2 < 2, the boundary condition for the Klein bottle 
is 

Y\0,a 2 + 2) = e 4i ^Y i (0,a 2 ), Y\±, a 2 + 2) = Y^-, a 2 ). (2.4) 

It means Y % at o\ = has 2fe-twisted sectors, while Y % at o\ = \ is not twisted. 

The state produced from the vacuum by crosscap is determined up to normalization by 
crosscap conditions on the fields. Here we define r = 2a\,a = \o 2 . And we denote Y % at 
<7i = 0, Yq{g), and at o\ = i, ^1(0"). i(cr) has 2m-twisted sectors. Then 

2 U '2 

Yj(a + 1) = e 4^(^+^ l )y ( j( CJ ) ) Yi(a + 1) = e 4i ™^y| (a). (2.5) 

2 2 



2 



We denote 2/c-twisted, 2m-twisted crosscap state by |c, 2kv j, 2mvi) 1 , where v j is a component 
of the twist vector (t>i, t>2, V3) in Table 1. The crosscap state conditions read 



(Vo> + \)~ e 2i < kVi+mv ^Yj(aj) \c, 2kv h 2mv i ) i = 0, 

drYj(a + i) + e^^+^a^V)) |c, 2A^, 2rm^ = 0, 

fyi( ( j + i)-e 2i7rml '*Fi(a))|c ) 0,2mu i )' = 0, 
v 2 2 1 J 

(drYKa + h + e^^drYKa^lcO^mviY = 0. (2.6) 
v 2 2 2 / 



2 

2 

2 

By solving the conditions (|2.6|), the crosscap states are 



\c,2kvi,2mvi) 1 = JJ exp[ 



n=l 



p —m{n—X)fii m 

c ^-n+l-2(fc+m>i^-rH-l-2(fc+m)i>; ■ 

n - 1 + 2(fc + m)t>j 



GXP[ n-2(k + m)v i ]|0) ' (2 - 7) 

where |0) is the Fock vacuum and 0^ are oscillator modes of Y % defined by 

ai - „2i+2 , • 2i+3 ai _ 2i+2 _ ,-„2i+3 

& = d^+ 2 + io«+ 3 , 31 =a 2 n i+2 -ia 2 : +3 (i = 1,2,3). (2.8) 
Next we consider fermionic parts. Fermionic parts of the closed string are 
^(ffi.aa) = v^^^e- 2 "^ 2 "^, ^((7i,<7 2 ) = y^^^e- 2 ^^^ 1 ). (2.9) 

r r 

Similar conditions as the bosonic case lead to the crosscap states, 

n=l 

exp[-i?]e" m "'A l _ n+ 2(fc +m ),;^_n+2(fc+m)t>JI ' V)- (2-10) 

where \0,rj) is a usual Ramond-Ramond vacuum rj = ±1 and 

~\i= ^»f2 + i ^2i+3 ) f= Vi 2i+2 -^ 2i+3 . (2.11) 

By combining the bosonic and fermionic contributions, the crosscap state are defined by 

AT-l 

|C,2fc) = J] N Cj2k>2m \c,2k,2m), 

m=0 

\c,2k,2m) = |c,2/cw3,2mu3) 3 |c,2A;z;2,2mw2) 2 |c,2A;t;i,2mwi) 1 |c,0,0) , (2.12) 
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where |c, 0, 0)° denotes the crosscap state for the uncompactified (X 2 ,X 3 ) plane. The coef- 
ficients N Cy 2k,2m will be determined by tadpole cancellation conditions. We denote especially 
k = crosscap state by \C). 

Next we consider a boundary state \B). Boundary state of cylinder has already con- 
structed in ref.[pj- The results are 



it n \i TT (n— 1)— rxvufi— in— 1)— mVi i rP— n+mViP— n+mvi -i 

\b,0,mvi) DD = Mexp — * * — — -i * exp i 

n=l 1 1 

TT - • ~ • . ■ — » 

11 eX P[^^-n+l-mt)i^-n+l-mi)J ex P [^^-n+tnuj ^-n+muj l^i r /) > 



n=l 



fi—(n—l)—mvi@—(ri—l)—mvi 1 „, m f @—n+mVi@ —n+mvi ■ 



6,0,771^)^ = || exp — exp L 

n=l 1 1 

TT • ~ ' ~ ' ■ ~* 

11 ex P[ _ iV^-n+l-mVi^-n+l-mVil ex P[ — ^V^-n+mvi ^-n+rnvj |0j ??)• 



n=l 



(2.13) 



Here subscripts DD and NN mean Dirichlet and Neumann boundary conditions in X 2i+2 , X 2l+3 
(i = 1, 2, 3) directions, respectively. D9-branes has Neumann boundary conditions in X^(p, = 
1, . . . 9) directions. D5-branes has Neumann boundary conditions in X^(fi = 1, 2, 3, 8, 9) direc- 
tions and Dirichlet boundary conditions in X^faj, = 4, 5, 6, 7) directions. Hence the boundary 
states \B C ) for cylinder on D5/D9-branes that include the Chan-Paton factors are defined as 

N-l 

\B C ) P = E N ^m, P \b,0,m) p (T nm , p ) (p = 5,9), 

m=0 

\b,0,m)s = \b,0,mv 3 )% N \b,0,mv 2 ) 2 DD \b,0,mv 1 ) 1 DD \b,0,0)° NN , 

|6,0,m) 9 = \b,0,mv 3 )% N \b,0,mv 2 ) 2 NN \b,0,mvi) 1 NN \b,0,0)° NN . (2.14) 

Coefficients N£ 0m will be determined by tadpole cancellation condition. 

Next we consider Mobius strip. We have Mobius strip boundary conditions, 

Y\l, a 2 ) = Y { (0, a 2 + 1), 3^(0, a 2 ) = 

y*(l (7 2 ) = Y\\, a 2 + 1), ^(^2) = -diY^a, + 1) (2.15) 

Similar consideration like Klein bottle leads to the conclusion that the boundary Y^(a) and 
the crosscap Y{(a) do not possess fe-twisted sectors but have 2m-twisted sectors: 



Y > + 1) = e 4i ™ Vi Yj(a), Yl (a + 1) = e ^ mVi Yi (a). (2.16) 

2 



We denote 2m-twisted crosscap state by |c, 0, 2mVi) 1 , and 2m-twisted boundary state by 
\b, 0,2mvi) 1 . The crosscap states \c,0,2mvi) 1 are same as those for the Klein bottle. But 
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boundary state \b, 0, 2muj} 1 which is 2m-twist is different from boundary state in cylinder 

\b, 0,mvi) 1 which is m-twist. We determine boundary states \B M ) for Mobius strip that 

include the Chan-Paton factors. 

N-l 

\B M ) P = N bk2m, P \b,0,2m) p (T n2mtP ), (p = 5,9), 

m=0 

|6,0,2m> B = \b,0,2mv 3 )% N \b,0,2mv 2 )l D \b,0,2mv 1 ) 1 DD \b,0,0}° NN , 

|6,0,2m) 9 = |6 J 0,2mv3>^|6,0,2m«a)^|6,0 ) 2m^)^|6,0,0)^. (2.17) 

By using crosscap state ( 2.12j ), boundary states ( p.14 ) and (|2.17 ) and Cardy's condition 
3, the amplitudes for Klein bottle, cylinder and Mobius strip are summarized as 



K = Y.J dimie-^lCj) + (Cj,N\e- lH \Cj)) = ^ £ jH ^ 3^-(Z K + Z KT ) 



m=0 ' 



1 l(2t) 



-Zn 



An index I stands for the fixed point. Explicit form of Zr-, ZxrZpq and Z p are 
3 — 2 sin 2irmv jt?[° , iWl 

■"K — 11 7T Jv c,0,2mi 

i=1 ^[ 2 2 m , l + l](2t) 
_ l 

2 ^L 2 , i]f2fi -2sin27rm?;379[° , i}( 2 t) 

^KT = 11^75 ] T ^c,N,2m^c,0,2m, 



3 — 2smTTmvi$\° . i]m 

z 55 = n — i — ^^e^t^) 2 ^,^) 2 ' 

3 — 2sin7rmuii? [° , i]m 
z 99 = J] j ^^(Tn m , 9 f(N^ 9 f, 

-2smnmv 3 ^ mv3+L ] {t) ^ + i](t) 
^59 = T " |1 "Jig V( Tr7m ^L( rr ^^,/)^o, mi 9^,0,m,5. 

I 

3 -2sinvrmv^[0 , i](2t)^[nw»i](2t) 

Z9 = II ^ (Tn 2m , 9 )N b % m , 9 N cA2m , 

<=i ^]pt)«?IL + i](2t) 



2 
1 



2 sin 7rmu 3 + i] (2 t)^ [£™ 3 ] (2 t) 
^[mv 3 ](2t^\l v , + x]{2t) 
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~ I 

2C0STO^P i] (2() I?[°, ] (2i) 

II 1 2 E( r ^,5,i)iV^ )2mi5 iV cA2m . (2.19) 

Note that does vanish for Z7v(odd N). Comparing ( [2.19D with the amplitudes of the 
one-loop vacuum diagram [||, we obtain the following relations,: 

1 



2 1 

N Cl o,2m — Nc,0,2mN C) N,2m — ~~ J, 

1 



327T 4 ' 



N c,0,2mN^ 2 m,9 = N c,0,2mN^ Q 2m ^ - ^-j. (2.20) 

As we have discussed, boundary states in Mobius strip and cylinder are different; \B°) p is 
the sum of m-twisted states but \B M ) p is the sum of 2m-twisted states. The amplitude for 
the Mobius strip is 

N-l 

(B M \e- lH \C) = £ N£l 2m N cA 2 m (b,0,2m\e- lH \c,0,2m)(T n 2 m ). (2.21) 

m=0 

When we require a factorization of the total amplitude ((B c \ + (C\)e~ lH (\B C ) + |C)), the 
Mobius strip amplitude is expressed using \B C ) as 

iV-1 

(B c \e- lH \C) + (C\e- lH \B c ) = 2 ]T Nfa 2m N c<0t2m {b, 0, 2m| e -^|c, 0, 2m)(Tr 72m ). (2.22) 

m=0 



Therefore equality of (|2.21|) and flgjp requires JV^g 2m = 2iV fe c 2m . It leads 



N C) o,m — N Ci N jm — -2N^ m9 — -2N^ Qm5 

= "4iV fe c ,o, m ,5 = -4^,0,^9 = ±77^ (m = even), (2.23) 

AW,5 = ^6,0^,9 = ("» = ° dd )- ( 2 - 24 ) 

In the following, we use notation \B) for boundary states in Mobius strip and cylinder taking 
(pT2l]) (^T22|) (pD into consideration. 



Next let us examine the factorization of amplitude. It is generally believed that amplitude 
can be factorized. However it is not obvious in iV = 1, D = 4 type-IIB orientifold. In the 
case of Z3 , Z7 model 

( 9 (B\ + (C\)e- lH (\B) 9 + \0) =9 (B\e- lH \B) 9 + (C\ e - lH \C) + 2 9 {B\e' lH \C) 

1C~ (C\e- lH \C), M 9 ~2 9 (B\e- lH \C), C 99 ~ 9 (B\ e - lH \B) 9 (2.25) 
Hence amplitude does factorize. However in case of Zq, the would-be factorized amplitude 

( 5 (B\ + 9 (B\ + (C\)e- lH (\B) 5 + \B) 9 + |C» (2.26) 



contains the amplitudes C pp and M p but not all of the Klein bottle amplitude /C. Instead, if 
we include (C, N\ into the would-be factorized amplitude, 

{ 5 {B\ + 9 (B\ + (C\ + (C, N\)e- lH (\B) 5 + \B)g + \C) + |C, N)), (2.27) 

then three new amplitudes 

(C,N\e" lH \C,N), 2g(B\e- lH \C,N), 2 5 (B\e~ lH \C, N). (2.28) 

do not possess geometric interpretation. This is a general situation in Zjq{N =even) model. 
Thus we conclude that the amplitude does not factorize in Zpj(N = even) model. 

3 Volume dependence of boundary and crosscap states 

We consider zero modes of boundary and crosscap states. Boundary state \b,0,mvi)' 1 is 
closed string so that it has momentum and winding in compactified space. The m-twisted 
boundary state \b, 0, mVi) l (mvi / mod N) sits at fixed point so that it does not have 
momentum and winding. Hence boundary state which have momentum or winding is only 
1 6, 0, 0(modiV))\ When a cylinder has Dirichlet boundary condition in X 8 and X 9 directions, 
boundary closed string state can move to these directions and have momentum. When a 
cylinder has Neumann condition in X s and X 9 directions, open string can move to these 
directions and make loop in compactified direction. Hence boundary state have winding 
to these directions. Therefore \b,0,0) l DD has momentum and \b,0,0)' l NN has winding. The 
crosscap state \c,2kvi,2mvi) 1 can also have momentum and winding in compactified space. 
By the same argument, the crosscap state |c, 2kvi, 2mvi)' 1 has momentum or winding only 
if 2kvi = (mod N) and 2mvi = (mod N). To determine momentum and winding 
of |c, 0,0)*, we consider Mobius strip amplitude NN l (b, 0, 0\e~ lH |c, 0, 0(mod2iV))\ Because 
N N l {b, 0, 0| has winding, consistency requires that |c, 0, 0(mod2iV)) 1 has winding. In the 
same way |c, 0, N} % has momentum because \b, 0, N) l DD has momentum. Properties of the zero 
modes for \c, iV(mod2iV), 0(mod2iV)) i and \c, N(mod2N), N(mod2N)) i can not be obtained 
because *(c,iV,0|e- m |c,0, 0)* and *(c, TV, N\e~ m \c, 0, N)* vanish. 

Next we consider the volume dependence produced by momentum and winding. Hamil- 
tonian which represents momentum and winding in compactified six dimensions is 

H 2 = n(^-L) 2 , F 2 = vr(|+L) 2 . (3.1) 

We denote boundary states which has momentum and winding as 

16,0,0)* = \b,0,0;n,my = e i{ ^ +m ' xRi) \n = 0,m = 0)*, 

■/ n-x I m-xRj 

|c,0,0)* = |c, 0,0; n,m) 1 = e (2R * 2 >\n = 0, m = 0)\ (3.2) 
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where Ri is a common radius of the i th compactified space. From these formula, we obtain 
the volume dependence 



Do'ib, 0, 0; n, 0\e- l ^ + ^\b, 0, 0; n, 0)* DD 
DD l {b, 0, 0; n, 0|e-'^ 2+ ^)|c, 0, N; n, 0) 1 
*(c, 0, N; n, Q\e~ l{H2+il2) \c, 0, N; n, 0) i 
0, 0; 0, m|e-^ 2+i?2 )|6, 0, 0; 0, m) ! M 

0, 0; 0, m\e- l{H2+li2) \c, 0, 0; 0, m) 1 

*(c, 0, 0; 0, m|e^ (//2+ ^ 2) |c, 0, 0; 0, m)* 



e afl i47r 2 F i , 
" 2 

e ^167^, 

-ln2m 2 R 2 ^ 



= e 



r 2 

Svr 2 
Vi ' 



-Z^fl? 167T 2 



-lirm?R 2 



(3.3) 



where Vi = (Ri) 2 - We define boundary and crosscap states \\B)) and \\C}} such that they 
include the volume dependence of amplitudes by zero modes: 

JV-l 



\\B)) P 
\\C)) 
\\C,N)) 



r 2-K 

E [Ko,rn, P \bArn) p (T nm , p )l[-=l[ 

m=0 i V Vi j 



N-l 



e Ko,2m| C ,o, 2m) n ii 4 ^ 



rrt=0 
JV-1 



[N c , N ,2m\c, N, 2m) Yl -= J] 47T^ 

m=0 « j 



(3.4) 



Here i and j denote compactified complex planes where the states have momentum and 
winding, respectively. 

By using volume dependence we discuss why tadpole divergence does not cancell in 
Z4,Zg,Z' 8 and Z' 12 model. In the case of Z4 = ^(1,1,-2), boundary and crosscap states 
with volume dependence are 

(2tt) S 



\B)h — N b,0,Q,9 



VWV2V3 
2vr 



\b, 0, 0> 9 (Tr 7 o,9) + N bfiX9 \b, 0, l) 9 (Tr 7l , 9 ) 



\B)h 



l|C» 



\C,N)) 



+N bfit2 , 9 (-=)\b, 0, 2> 9 (rr 72 , 9 ) + iV b>0 , 3 ,9|6, 0, 3) 9 (Tr 73 , 9 ), 

V V 3 
2vr 



iV bA o,5(^=)(27r) 2 yvr^|6, 0, 0) 5 (Tr 70 , 5 ) + AW,s|^ 0, l) 5 (Tr 7l , 

V ^3 

+JV 6j0)2i5 (— )|6, 0, 2> 5 (Tr 72i5 ) + iV b , ,3,5|6, 0, 3) 5 (Tr 7 3, 5 ), 

V ^3 



c,0,0" 



(4vr) 2 



|c, 0,0) +JV c ,o, 2 (WV3)|c,0,2) 



47T 



,4(4vr) 2 yi 

^,4,2(4^/^)^,4, 2) + iY c ,4,6(47r^ 3 )|c, 4, 6). 



+A r c,o,4(47r) 2 v / VV^(^=)|c, 0, 4) + iV c ,o,6(47ryvI)| C , 0, 6), 



(3.5) 
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Here we omit |c, 4, 0) and |c, 4, 4) terms in \ \C, N)) because these states do not contribute to 
the amplitude {C,N\e~ lH \C) by (c, 4, 0| |c, 0, 0) = (c, 4, 4| |c, 0, 4) = 0. \\C)) and ||C, JV» have 
terms with volume factor y/V^ but | \B c ))g and ||-B c ))s do not. It means that tadpole from ||C)) 
and ||C,iV})can not be cancelled by ||-B C )) 9 and ||i? c ))5 . So that Z4 model is inconsistent. 
The same conclusion holds also for the models with orbifold group Zg = |(1,3, — 4),Zg = 
|(l,-3,2) and Z' 12 = 5, -6). 

In the case of Z3 and Z7 models, their amplitudes factorize so that tadpole cancellation 
condition of Z% and Z*i models is reduced to massless tadpole cancellation condition in ref. |J . 
We consider the case with maximal gauge symmetry in which all p-branes sit at one fixed 
point, for example, at the origin. From equations fl2.23j ),( p.24[ ) and (3A) we determine for Z3 
model 

1 (2vr) 3 



|£»9 + |C» 
1 

+ 



4^2 



7T Z 



|6,0,l) 9 (rr 7li9 )-4|c,0,2 



6,0,0) 9 (Tr 7 o,9) -32|c,0,0) 
1 



+ 



4^/2^2 



6,0,2) 9 (Tr 72 , 9 ) + 4| C ,0,4) (3.6) 



Using the massless tadpole cancellation condition, we get Tr7o )9 = 32, Tr 7 i j9 = 4 and 
Tr"f2,9 = — 4. It gives the gauge group U(12) x SO(8). In the same way we obtain for 
the Z-? model, Tr 7 o. 9 = 32 and Tr 7m)9 = 4(m = 1 ~ 6) which leads to the gauge group 
£7(4) 3 x SO(8). They are the same conclusion which is obtained by one-loop diagrams [lj. 
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Figure 1: Klein bottle 
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Figure 2: Cylinder 
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a 2 = 2 
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1 > , > 
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Figure 3: Mobius strip 
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Tables 



^3 


3(1,1,-2) 


4 


1(1,-3,2) 


Z's 


1(1,-3,2) 


Z 4 


1(1,1,-2) 




±(1,2,-3) 




^(i,-M) 


^6 


1(1,1,-2) 


^8 


1(1,3,-4) 


Z 'l2 


£(1,5,-6) 



Table 1: Z^r actions in D = 4. Each vector stands for (t>i, t>2, t^)- 
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